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1. INTRODUCTION
w xAs is well known, in their seminal paper 7 , in 1966, Gelfand and
Kirillov made the following conjecture and settled it for nilpotent Lie
Ž . Ž .algebras, gl n and sl n : Let L be a finite dimensional algebraic Lie
Ž .algebra over an algebraically closed field k of characteristic zero, let U L
Ž .be its enveloping algebra, and let D L be its enveloping field of fractions;
Ž . Ž .then, D L is isomorphic to a Weyl skew field D F over a purelyn
transcendental extension F of k. In the following we will refer to this as
Ž .GK .
w x Ž .In a subsequent paper 8 , Gelfand and Kirillov proved GK for L
semi-simple, up to an extension of the center. The solvable case was
w x w x w xsettled in 1973 by Borho et al. 3 , Joseph 9 , and McConnell 11 .
w xConcerning the mixed case, Nghiem treated in 13 the semi-direct prod-
1 ŽSupported partially by the EC Network ERB FMRX-CT97-0100 Algebraic Lie Repre-
.sentations .
2 Senior researcher at the FWO.
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Ž . Ž . Ž .ucts of sl n , sp 2n , and so n with their standard representation and
Ž . w xshowed GK for these. Also, a generalization 10 and a weakened version
w x Ž .12 of GK have been shown.
Ž . w xRecently, we presented a family of counterexamples to GK in 1 ,
focusing on semi-direct products of the Lie algebra of a nonspecial group
with a representation admitting trivial generic stabilizer. However, in these
Ž .cases, one recovers GK after an appropriate extension of the center: in
fact, we are rather convinced that the conjecture holds in general after a
Ž .suitable extension of the center. The smallest counterexample to GK
obtained using the preceding method is the 9-dimensional semi-direct
Ž .product of sl 2 with two copies of the adjoint representation, hence this
work. Our main result states:
THEOREM. Let L be an algebraic Lie algebra o¤er an algebraically closed
field k of characteristic zero with dim L F 8. Then L satisfies the Gelfand]
Kirillo¤ conjecture.
As often with such situations, the method of analysis in this work will
involve consideration of many cases. However, it suffices to consider
nonsolvable algebraic Lie algebras L such that dim L F 8 with radical R
Ž .and Levi subalgebra S, isomorphic to sl 2 , such that L is a nontrivial
semi-direct product of S with R. We are grateful to B. Komrakov for
providing us with the classification of these Lie algebras. We would like
Ž .also to thank A. Elashvili who pointed out a similar classification over R
w xby Turkowski 16 . Furthermore, in the algebraic case which is the relevant
one for our problem, we worked out the classification starting with
w xDixmier’s classification 6 of nilpotent Lie algebras of dimension at most
5. From all these we were able to see some common patterns and avoid a
complete case by case treatment. In fact we have to deal with essentially
three different cases.
First is the case in which R is abelian. Here invariant theory enters the
Ž .picture, for instance, when R is the 4-dimensional simple sl 2 -representa-
w xtion. Although this case is covered by the results of 1 , we treat it again to
get an explicit description; this is done by studying the specific invariant
Ž .theory of cubic binary forms under the usual sl 2 action. We would like to
thank H. Kraft for the help he brought us to settle this case. Second, if R
is nilpotent but not abelian, using some standard automorphisms, we can
Ž . Ž Ž . .show that in most cases D L is isomorphic to D sl 2 = R . Third, the
case where R is solvable but not nilpotent requires some finer analysis of
the derivatives of R and a ‘‘devissage lemma’’ which essentially decreases´
dimension.
w x Ž .In our preceding paper 1 , we also showed that GK holds for the
semi-direct product of the Lie algebra of a special group with a representa-
tion admitting trivial generic stabilizer; in fact, it seems very likely that
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Ž .GK holds for very large classes of algebraic Lie algebras provided some
mild hypotheses hold on the module structure of the radical over a Levi
factor. In particular, we think that any semi-direct product of a symplectic
Ž .Lie algebra with a Heisenberg algebra should verify GK .
The paper is organized as follows. For the convenience of the reader, we
collect in five lemmas the necessary common material to deal with the
different cases. Then we study the specific cases defining the relevant Lie
algebra by its table that we include in the text.
2. PRELIMINARIES
Let L be a finite dimensional Lie algebra over a field k of characteristic
Ž .zero, and let U L be its enveloping algebra with quotient division ring
Ž . Ž .D L . Let S L denote the symmetric algebra of L with quotient field
Ž .K L .
The proofs of the following two lemmas are easy and hence will be
omitted.
Ž .LEMMA 1. Suppose D L can be generated o¤er k by the elements
p , q , . . . , p , q , z , . . . , z1 1 s s 1 t
w x w x w xsuch that for all i, j : 1, . . . , s, p , p s 0, q , q s 0, p , q s d , andi j i j i j i j
Ž Ž .. Ž . Ž Ž Ž ...z , . . . , z g Z D L . Then D L ( D Z D L , a Weyl skew field, and1 t s
Ž Ž .. Ž .Z D L s k z , . . . , z , a purely transcendental extension of k. In particular1 t
Ž .L satisfies GK .
In the situation of the lemma, the elements p , q , . . . , p , q will be1 1 s s
Ž . Ž .called Weyl generators of D L over k z , . . . , z .1 t
LEMMA 2. Let A and B be two finite dimensional Lie algebras o¤er k
Ž .satisfying GK . Then the same holds for the direct product L s A = B.
Ž .LEMMA 3. Let k be a field of characteristic zero and F s k c , . . . , c1 t
with c , . . . , c algebraically independent o¤er k. Let d: F “ F be a k-deri¤a-1 t
Ž .tion of F such that d c s a c with a g Q, not all zero. Then there existi i i i
z , . . . , z g F, algebraically independent o¤er k, such that F d s1 t
Ž . dŽ . Ž .  4k z , . . . , z and F s F z with d z s a z , a g Q _ 0 .1 ty1 t t t
Proof. We may assume that a , . . . , a g Z and are relatively prime1 t
Ž .since we can replace d by a suitable rational multiple of itself . Consider
t Ž . mthe free Z-module M s Z . For any m s m , . . . , m g M we put c s1 t
cm1 ??? cm t. Clearly,1 t
t
m md c s a m c .Ž . Ý i iž /
is1
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Consider the Z-module homomorphism
t
f : M “ Z, m , . . . , m ‹ a m .Ž . Ý1 t i i
is1
Ž .Since Z is a PID we can find a k g M such that f k s 1.t t
Put M s ker f and M s Zk . Then M and M are submodules of M0 1 t 0 1
and M s M [ M . It follows that M is free with basis, say k , . . . , k .0 1 0 1 ty1
Now, put
z s ck1 , . . . , z s ck ty 1 , z s ck t .1 ty1 t
Ž .1 z , . . . , z are algebraically independent over k.1 t
For this it suffices to show that z n1 ??? z nt, n g N, are linearly indepen-1 t i
dent over k. This follows from z n1 ??? z nt s cn1 k1 ??? cnt k t s cÝ i n i k i being1 t
eigenvectors of d and the fact that k , . . . , k are linearly independent over1 t
Z.
Ž . d Ž .2 F s k z , . . . , z .1 ty1
Since k , . . . , k g M s ker f we see that z s ck1, . . . , z s ck ty 11 ty1 0 1 ty1
are annihilated by d and hence belong to F d. On the other hand, take
d w xw g F , w / 0. We can find u, ¤ g k c , . . . , c relatively prime such that1 t
y1 Ž . Ž . Ž .w s u¤ . From d w s 0 we obtain ud ¤ s ¤d u which implies that u
Ž . Ž Ž .. Ž .divides d u , since u and ¤ are relatively prime. But deg d u F deg u ,
Ž . Ž .so d u s lu for a suitable l g k. Similarly, d ¤ s l¤ . We can find
nonzero a g k and A : N t such that u s Ý a cm. Similarly, ¤ sm mg A m
Ý b cn.ng B n
From
a f m cm s d u s lu s a lcmŽ . Ž .Ý Ým m
m m
Ž . Ž .we see that f m s l for all m g A. Similarly, f n s l for all n g B.
Consequently, n y m g ker f s M and so n y m s Ýty1 b k for some0 is1 i i
b g Z. Then,i
b b1 ty1nym Ý b k k k b bi i 1 ty1 1 ty1c s c s c ??? c s z ??? z g k z , . . . , z .Ž . Ž . Ž .1 ty1 1 ty1
Finally,
y1 y1
y1 m n ym nw s u¤ s a c b c s a c b cÝ Ý Ý Ým n m nž / ž /
m n m n
y1
nyms a b c g k z , . . . , z .Ž .Ý Ým n 1 ty1
m n
Ž . dŽ .3 F s F z .t
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Ž .First, consider e s 0, . . . , 0, 1, 0, . . . , 0 g M s M [ M . So e s m qi 0 1 i 0
l ? k for some m g M , l g Z. Next, take a generator c g F. Thent 0 0 i
ei m0Ž k t. l m0 l dŽ .c s c s c c s c z g F z .i t t
Ž .LEMMA 4. Let g be a Lie algebra not necessarily algebraic satisfying
Ž . Ž . Ž Ž ..GK , with Weyl generators p , q g D g , i : 1, . . . , s o¤er Z D g si i
Ž . Ž .k c , . . . , c , a purely transcendental extension of k. Let d g Der g be a1 t
Ž . Ž . Ž .deri¤ation such that d p s yl p , d q s l q , l g k, and d c s a c ,i i i i i i i j j j
Ž .a g Q for all i, j. Put L s g [ kd. Then L also satisfies GK .j
s Ž . w x w xProof. Put u s Ý l p q g D g . Then, u, p s Ý l p q , p sjs1 j j j i j j j j i
w x w x w x w xyl p and u, q s Ý l p , q q s l q . Hence, d y u, p s d, p yi i i j j j i j i i i i
w x w x Ž .u, p s 0 and similarly d y u, q s 0. Also, d u s 0. We now distin-i i
guish two cases.
Case 1. Some a are nonzero. By Lemma 3, there exist z , . . . , z gj 1 t
Ž Ž .. d ŽF s Z D g , algebraically independent over k such that F s k z ,1
. dŽ . Ž .  4 w x. . . , z , F s F z , and d z s a z , a g Q _ 0 . Then, d y u, z sty1 t t t t
1 y1w x w x w Ž . xd, z y u, z s a z . So, z d y u , z s 1.t t t t ta
1 y1Ž . Ž Ž ..Put p s z d y u and q s z . Clearly, z , . . . , z g Z D Lsq1 t sq1 t 1 ty1a
Ž .and p , . . . , p , p ; q , . . . , q , q are a set of Weyl generators for D L1 s sq1 1 s sq1
Ž .over k z , . . . , z .1 ty1
Ž . Ž Ž .. Ž Ž .. ŽConsequently, D L s D k z , . . . , z and Z D L s k z ,sq1 1 ty1 1
.. . . , z .ty1
Ž . Ž Ž ..Case 2. All a are zero; i.e., d c s 0 for all j. Hence, Z D g ;j j
Ž Ž .. w x w x w xZ D L . For all i, j, d y u, p s 0, d y u, q s 0, d y u, c s 0, andi i j
w x Ž . Ž Ž ..d y u, d s d u s 0. Put c s d y u. Then, c g Z D L andtq1 tq1
Ž . Ž Ž .. Ž Ž .. Ž . Ž Ž ..c f D g . So, Z D g s Z D L l D g m Z D L .tq1
w x Ž Ž ..By using 5, 4.4.7 , this implies that Z D L is a purely transcendental
Ž Ž .. Ž Ž Ž ...extension of Z D g of degree 1 and trdeg Z D L s t q 1.k
Ž .Finally, p , . . . , p , q , . . . , q form a set of Weyl generators of D L over1 s 1 s
Ž . Ž . Ž Ž Ž ... Ž Ž ..k c , . . . , c , c . By Lemma 1, D L ( D Z D L and Z D L s1 t tq1 s
Ž .k c , . . . , c , c , a purely transcendental extension of k.1 t tq1
Remark. We obtain a similar result if we replace a u by u9 s
Ýs l q p .js1 j j j
Ž .Let f g L* and let L f be the kernel of the alternating bilinear form
Ž . Žw x. Ž .B x, y s f x, y defined over L. Recall that the index of L is i L sf
Ž .min dim L f .f g L*
w x w xThe following is a direct consequence of 15, 4.6 and of 5, 1.14.13 . See
w xalso 14 .
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LEMMA 5. Suppose k is algebraically closed and suppose L is an algebraic
Ž . Ž .Lie algebra with basis x , . . . , x o¤er k, with index i L s min dim L f .1 n f g L*
Žw x. Ž .Consider x , x as a matrix with entries in K L . Then,i j 1F i, jF n
w xtrdeg Z D L s i L s dim L y rank x , x .Ž . Ž .Ž .Ž Ž .k i j
3. THE MAIN RESULT
THEOREM. Let L be an algebraic Lie algebra o¤er an algebrically closed
field k of characteristic zero with dim L F 8. Then L satisfies the Gelfand]
Kirillo¤ conjecture.
Proof. Let L s S [ R be the Levi decomposition of L. Since L is
w x Ž .algebraic, so is its radical R 4, p. 309 . Hence R satisfies the GK -conjec-
w x Ž .ture 3, 9, 11 . On the other hand, dim L F 8 implies that S s 0 ,
Ž . Ž . Ž . Ž .S s sl 2, k , S s sl 2, k = sl 2, k , or S s sl 3, k and hence satisfies the
Ž . Ž .GK -conjecture. By Lemma 2, we may restrict to the list of all algebraic
Ž .L such that L s S [ R is not a direct product and S s sl 2, k .
Ž .Next, let h, x, y be the standard basis of sl 2, k with Lie brackets
w x w x w xh, x s 2 x, h, y s y2 y, x, y s h. e , e , . . . , e will be a basis of R.0 1 r
Ž . Ž .W will be the n q 1 -dimensional irreducible sl 2, k -module with stan-n
dard basis e , e , . . . , e .0 1 n
Ž . Ž .In particular, h ? e s n y 2 i e , x ? e s n y i q 1 e , and y ? e si i i iy1 i
Ž .i q 1 e for each i and e s e s 0.iq1 y1 nq1
Ž .We will now verify the GK -conjecture for each Lie algebra of the list.
Ž .I. dim L s 5. Here we only have one case, namely L s sl 2, k [5
W , with W abelian. Its matrix of Lie brackets1 1
h x y e e0 1
h 0 2 x y2 y e ye0 1
x y2 x 0 h 0 e0
y 2 y yh 0 e 01
e ye 0 ye 0 00 0 1
e e ye 0 0 01 1 0
Ž Ž Ž ...has rank 4. Hence, by Lemma 5, trdeg Z D L s 5 y 4 s 1.k 5
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2 2 Ž Ž ..c s e e h q e x y e y g Z D L . Indeed, it suffices to check that c0 1 1 0 5
commutes with x, y, e ,0
w x w x w x w x 2 w xx , c s e x , e h q e e x , h q 2 e x , e x y e x , y0 1 0 1 1 1 0
s e2 h y 2 e e x q 2 e e x y e2 h s 0,0 0 1 1 0 0
w x w x w x 2 w x w xy , c s y , e e h q e e y , h q e y , x y 2 e y , e y0 1 0 1 1 0 0
s e2 h q 2 e e y y e2 h y 2 e e y s 0,1 0 1 1 0 1
w x w x 2 w x 2 2c, e s e e h , e y e y , e s e e y e e s 0.0 0 1 0 0 0 0 1 0 1
w x w x w x w y1 xAs e , e s 0, x, e s e and y, e s e imply that e x, e s 1 and0 1 1 0 0 1 0 1
w y1 x w y1 x w y1 xe y, e s 1. Also, e x, e s 0 and e y, e s 0.1 0 0 0 1 1
Next, we compute
y1 y1 y1 y1 y1 y1w x w x w xe x , e y s e e x , y y x , e e y q y , e e xŽ .0 1 0 1 1 1 0 0
s ey1ey1 h y e ey1 y q e ey1 xŽ .0 1 0 1 1 0
s ey2 ey2 e e h y e2 y q e2 x s ey2 ey2 c.Ž .0 1 0 1 0 1 0 1
Now, let a, b g k and consider
y1 y1 y2 y1 y2 y1e x q ae e c, e y q be e c0 0 1 1 0 1
y1 y1 y3 y1 y3 y1s e x , e y q be x , e c q ae e , y c0 1 0 1 1 0
y2 y2 y3 y2 w x y3 y2 w xs e e c y be e x , e c q ae e y , e c0 1 0 1 1 1 0 0
s ey2 ey2 c y bey2 ey2 c q aey2 ey2 c s 1 q a y b ey2 ey2 c,Ž .0 1 0 1 1 0 0 1
1 1which becomes zero if 1 q a y b s 0. For instance, take a s y , b s .2 2
Then, the elements
1
y1 y1 y2p s e x y e e c, q s e ,1 0 0 1 1 12
1
y1 y2 y1p s e y q e e c, q s e ,2 1 0 1 2 02
Ž . Ž . Ž .form a set of Weyl generators of D L over k c . By Lemma 1, D L (5 5
Ž Ž .. Ž Ž .. Ž .D k c and Z D L s k c . An alternative set of Weyl generators of2 5
Ž . Ž . Ž .D L over k c is take a s 0, b s 15
p s ey1 x , q s e ,1 0 1 1
p s ey1 y q ey2 ey1c, q s e .2 1 0 1 2 0
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Ž .II. dim L s 6. 1. L s sl 2, k [ W , with W abelian. Its matrix6, 1 2 2
of Lie brackets
h x y e e e0 1 2
h 0 2 x y2 y 2 e 0 y2 e0 2
x y2 x 0 h 0 2 e e0 1
y 2 y yh 0 e 2 e 01 2
e y2 e 0 ye 0 0 00 0 1
e 0 y2 e y2 e 0 0 01 0 2
e 2 e ye 0 0 0 02 2 1
Ž Ž Ž ...has rank 4. Hence, by Lemma 5, trdeg Z D L s 6 y 4 s 2.k 6, 1
Put c s e2 y 4e e and c s e h q 2 e x y 2 e y. Then, c , c g1 1 0 2 2 1 2 0 1 2
Ž Ž ..Z D L . Indeed,6, 1
2w x w x w xx , c s x , e y 4e e s 2 x , e e y 4e x , e s 0,1 1 0 2 1 1 0 2
2w x w x w xy , c s y , e y 4e e s 2 y , e e y 4 y , e e s 0,1 1 0 2 1 1 0 2
w x w xx , c s x , e h q 2 e x y 2 e y2 1 2 0
w x w x w x w xs x , e h q e x , h q 2 x , e x y 2 e x , y1 1 2 0
s 2 e h y 2 e x q 2 e x y 2 e h s 0,0 1 1 0
w x w xy , c s y , e h q 2 e x y 2 e y2 1 2 0
w x w x w x w xs y , e h q e y , h q 2 e y , x y 2 y , e y1 1 2 0
s 2 e h q 2 e y y 2 e h y 2 e y s 0,2 1 2 1
w x w xc , e s e h q 2 e x y 2 e y , e2 0 1 2 0 0
w x w xs e h , e y 2 e y , e s 2 e e y 2 e e s 0.1 0 0 0 1 0 0 1
w x w xFrom h, e s 2 e and x, e s 2 e it follows that0 0 1 0
1 1
y1 y1e h , e s 1 and e x , e s 1.0 0 0 12 2
Then it is easy to verify that
1
y1p s e h , q s e ,1 0 1 02
1
y1p s e x , q s e2 0 2 12
Ž . Ž .form a set of Weyl generators of D L over k c , c .6, 1 1 2
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w x w x w xIndeed, it is easy to see that p , q s 0, p , q s 0, and q , q s 0.1 2 2 1 1 2
w x w x w y1 x w xFrom h, x s 2 x and h, e s 2 e we get h, e x s 0 and also p , p0 0 0 1 2
s 0. On the other hand, from p , q , p , q we obtain h, x, e , e . Using c1 1 2 2 0 1 1
Ž . Ž Ž ..we get e . Then, from c , we get y. Finally, D L ( D k c , c and2 2 6, 1 2 1 2
Ž Ž .. Ž .Z D L s k c , c a purely transcendental extension over k, by Lem-6, 1 1 2
ma 1.
2. L s L = L , where L is a 1-dimensional Lie algebra over k.6, 2 5 1 1
Ž .Clearly, by Lemma 2, L satisfies GK .6, 2
Ž .3. L s sl 2, k [ H, where H is the 3-dimensional Heisenberg Lie6, 3
algebra. Its matrix of Lie brackets
h x y e e e0 1 2
h 0 2 x y2 y e ye 00 1
x y2 x 0 h 0 e 00
y 2 y yh 0 e 0 01
e ye 0 ye 0 e 00 0 1 2
e e ye 0 ye 0 01 1 0 2
e 0 0 0 0 0 02
Ž Ž Ž ...has rank 4. Hence, by Lemma 5, trdeg Z D L s 6 y 4 s 2.k 6, 3
First, we observe that the linear map s : L “ L, given by h ‹ yh,
x ‹ y, y ‹ x, e ‹ e , e ‹ e , and e ‹ ye is an automorphism of0 1 1 0 2 2
Ž .L , which we extend to an automorphism of D L . Next, we put6, 3 6, 3
y1 w x w y1 x w x y1p s e and q s e e . Then, p , q s e , e e s e , e e s1 0 1 1 2 1 1 0 1 2 0 1 2
1y1 2 y1 HŽ .e e s 1. Also, we put x s x y e e . Then, x g D L , the cen-2 2 0 0 2 0 6, 32
w xtralizer of H. Indeed, e , x s 0 and0 0
1 1
2 y1 y1w x w xe , x s e , x y e , e e s ye y y2 e e e s 0.Ž .1 0 1 1 0 2 0 0 2 22 2
Ž .H being invariant under the action of s we have y s s x s0 0
1 2 y1 HŽ .y q e e g D L .1 2 6, 32
Next, we put
1
2 y1w xh s x , y s x y e e , y0 0 0 0 2 02
Hw xs x , y since y g D LŽ .Ž .0 0 6, 3
1 1
2 y1 2 y1w xs x , y q e e s x , y q x , e e1 2 1 22 2
1 1
y1 y1s h q 2 e e y e e s h q e e e y .Ž .0 1 2 2 0 1 22 2
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Ž .H Ž .H Ž .We have h g D L since x , y g D L ; moreover, s h s0 6, 3 0 0 6, 3 0
Žw x. w Ž . Ž .x w xs x , y s s x , s y s y , x s yh .0 0 0 0 0 0 0
Next,
1
y1w xh , x s h q e e e y , x0 0 0 1 2 02
Hw xs h , x since x g D LŽ .Ž .0 0 6, 3
1 1
2 y1 2 y1w xs h , x y e e s h , x y h , e e ,0 2 0 22 2
1 1
2 y1 2 y1s 2 x y 2 e e s 2 x y e e s 2 xŽ .0 2 0 2 0ž /2 2
w x w xh , y s y s h , s x s ys h , x s y2s xŽ . Ž . Ž .Ž .0 0 0 0 0 0 0
s y2 y .0
Ž .HConsequently, the linear span S ; D L of h , x , y is a Lie algebra0 6, 3 0 0 0
Ž .isomorphic to sl 2, k .
2 Ž .HNow, consider c s h y 2h q 4 x y g D L . So, this element,0 0 0 0 6, 3
which is not a scalar, commutes with e , e , e . It also commutes with0 1 2
h , x , y because it is the ‘‘Casmir element’’ of S . As h , x , y , e , e ,0 0 0 0 0 0 0 0 1
Ž . Ž Ž ..and e generate the skew field D L , it follows that c g Z D L .2 6, 3 6, 3
1 y1Ž . Ž Ž ..Put F s k c, e ; Z D L and p s h x , q s x . These elements2 6, 3 2 0 0 2 02
Ž .H y1belong to D L and hence commute with p s e and q s e e .6, 3 1 0 1 1 2
1 1y1 y1w x w x w xAlso, p , q s h x , x s h , x x s 1. On the other hand, p ,2 2 0 0 0 0 0 0 12 2
Ž .q , p , and q generate D L over F. Indeed, e and e are easily1 2 2 6, 3 0 1
obtained from p , q , and e g F. Next, h and x can be obtained from1 1 2 0 0
p , q . Finally, using c s h2 y 2h q 4 x y g F we get y . Invoking2 2 0 0 0 0 0
Ž . Ž . Ž Ž ..Lemma 1, we may conclude that D L ( D F and Z D L s F s6, 3 2 6, 3
Ž .k c, e , a purely transcendental extension of k.2
4. L is the 6-dimensional Lie algebra defined by the Lie brackets6, 4
h x y e e e0 1 2
h 0 2 x y2 y e ye 00 1
x y2 x 0 h 0 e 00
y 2 y yh 0 e 0 01
e ye 0 ye 0 0 ye0 0 1 0
e e ye 0 0 0 ye1 1 0 1
e 0 0 0 e e 02 0 1
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Ž .Clearly, L s L [ k ? d, where d s ade . We know L satisfies GK ,6, 4 5 2 5
with Weyl generators,
1
y1 y1 y2p s e x y e e c, q s e ,1 0 0 1 1 12
1
y1 y2 y1p s e y q e e c, q s e ,2 1 0 1 2 02
Ž Ž .. Ž . 2 2 Ž .over Z D L s k c , with c s e e h q e x y e y. Note that d p s5 0 1 1 0 i
Ž . Ž .yp , d q s q , i s 1, 2, and d c s 2c. Now, following Lemma 4, we puti i i
1 y1 y1 y1Ž . Ž . Ž .p s c e y e e x y e e y and q s c. So, D L s D k . Note3 2 0 1 0 1 3 6, 4 32
that L is a Frobenius Lie algebra, since its index is zero.6, 4
Ž . wIII. dim L s 7. The following two Lie algebras satisfy GK by 1,
xCorollary 2.3 . However, we want to exhibit the Weyl generators explicitly
because we need them in the study of the case of dimension 8.
Ž .1. L s sl 2, k [ W , with W abelian. Its matrix of Lie brackets7, 1 3 3
h x y e e e e0 1 2 3
h 0 2 x y2 y 3e e ye y3e0 1 2 3
x y2 x 0 h 0 3e 2 e e0 1 2
y 2 y yh 0 e 2 e 3e 01 2 3
e y3e 0 ye 0 0 0 00 0 1
e ye y3e y2 e 0 0 0 01 1 0 2
e e y2 e y3e 0 0 0 02 2 1 3
e 3e ye 0 0 0 0 03 3 2
Ž Ž .has rank 6. So, by Lemma 5, trdeg Z D L s 7 y 6 s 1.k 7, 1
We now proceed in two steps, the first of which was kindly supplied to
us by Hanspeter Kraft.
w xStep 1. Let V s k X, Y denote the binary forms of degree 3 with the3
a bŽ . Ž . Ž .usual linear action of SL 2 by substitution, i.e., matrix sends f X, Yc d
Ž . 3to f dX y bY, ycX q aY . We will write a form f g V as f s e X q0
e X 2 Y q e XY 2 q e Y 3 and identify the coordinate ring of V with the1 2 3
w x w xpolynomial ring k e , e , e , e s k W . Let K be its quotient field.0 1 2 3 3
Consider the discriminant of f :
D s 4e e3 y e2e2 y 18e e e e q 27e2 e2 q 4e3e .0 2 1 2 0 1 2 3 0 3 1 3
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w xS LŽ2. w x Ž Ž ..It is classical that k W s k D , with quotient field F s Z D L .3 7, 1
Now consider the locally closed subset W s k*X 3 q kXY 2 q kY 3, i.e.,
1 ylŽ . < 4 Ž .those forms where e / 0 and e s 0. Let U s l g k ; SL 2 be0 1 0 1
the unipotent subgroup of upper triangular matrices; we will identify it
Ž .with the additive group k, q . It is easy to see that the map
U = W “ V , l, f X , Y ‹ l ? f X , Y s f X q lY , YŽ . Ž . Ž .Ž .
is an open immersion. In fact, it has the following description:
l, b , b , b ‹ b , 3lb , 3b l2 q b , b l3 q b l q b .Ž . Ž .0 2 3 0 0 0 2 0 2 3
From this we see that the inverse map is given by
1 1
y1 y1 2l s e e , b s e , b s e y e e ,0 1 0 0 2 2 0 13 3
2 1
y2 3 y1b s e q e e y e e e .3 3 0 1 0 1 227 3
Ž . Ž .In particular, K s k e , e , e , e s k l, b , b , b . In the new coordi-0 1 2 3 0 2 3
nates l, b , b , and b the discriminant D has the form0 2 3
2 3D s 27 b b q 4b b .Ž .0 3 0 2
Now we are going to calculate the invariants for the subgroup U and for a
Ž .Borel subgroup B of SL 2 .
By construction, the U-invariants are given by
K U s k b , b , bŽ .0 2 3
Ž .and the action of the torus T ; SL 2 , consisting of the diagonal matrices,
is given by
t 0 y3 3? b , b , b s t b , tb , t b .Ž . Ž .0 2 3 0 2 3y1ž /0 t
Thus,
TB U 3K s K s k b b , b b .Ž . Ž .0 2 0 3
Now it is obvious that the extensions
K Brk D , K UrK B and KrK UŽ .
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are all purely transcendental of degree one. In fact, the first extension is
generated by b b , the second by b , and the last by l. Consequently,0 3 2
Ž . Ž .K s k D, l, b , b b is a purely transcendental extension of k D s F.2 0 3
Step 2. First we calculate the following Lie brackets
w x w x w xh , b s 3b , x , b s 0, y , b s 3lb ,0 0 0 0 0
w x w x w xh , b s yb , x , b s 0, y , b s b y lb ,2 2 2 2 3 2
2
y1 2w x w x w xh , l s y2l, x , l s 1, y , l s b b y l ,0 23
2
2w x w x w xh , b b s 0, x , b b s 0, y , b b s y b .0 3 0 3 0 3 23
Ž .Next, we put q s l, q s b , and q s b b . Then, K s k D, q , q , q .1 2 2 3 0 3 1 2 3
Ž .We now want to find p , p , p g D L such that p , p , p , q , q , q1 2 3 7, 1 1 2 3 1 2 3
Ž . Ž . wform a set of Weyl generators for D L over F s k D . By 1, Propo-7, 1
x Ž .sition 2.1, sublemma , D L can be identified with the skew field of7, 1
Ž .fractions of D K , the latter being the ring of differential operatorsF
on KrF. Therefore, x s h, x s x, and x s y can be expressed in1 2 3
Ž .D L as7, 1
3 ›
w xx s x , q , i : 1, 2, 3. )Ž .Ýi i j › qjjs1
From this system of linear equations with coefficients in K, we obtain
Ž .p s ›r› q , j : 1, 2, 3.j j
Ž .) takes on the form
w x w x w xh s h , l p q h , b p q h , b b p s y2l p y b p1 2 2 0 3 3 1 2 2
w x w x w xx s x , l p q x , b p q x , b b p s p ,1 2 2 0 3 3 1
w x w x w xy s y , l p q y , b p q y , b b p1 2 2 0 3 3
2 2
y1 2 2s b b y l p q 3b y lb p y b p .Ž .0 2 1 3 2 2 2 3ž /3 3
3y1 y3Ž . wŽThis implies that p s x, p s yb h q 2l x , and p s b lb y1 2 2 3 2 22
2 y1 2 2. Ž . x Ž .3b h q b b y 6lb q l b x y b y . In particular, D L s3 0 2 3 2 2 7, 13
Ž . Ž Ž .. Ž .D F where F s Z D L s k D .3 7, 1
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Ž .2. L s sl 2, k [ W, where W s W [ W . Its matrix of Lie brackets7, 2 1 1
h x y e e e e0 1 2 3
h 0 2 x y2 y e ye e ye0 1 2 3
x y2 x 0 h 0 e 0 e0 2
y 2 y yh 0 e 0 e 01 3
e ye 0 ye 0 0 0 00 0 1
e e ye 0 0 0 0 01 1 0
e ye 0 ye 0 0 0 02 2 3
e e ye 0 0 0 0 03 3 2
Ž Ž ..has rank 6. So, by Lemma 5, trdeg Z D L s 7 y 6 s 1.k 7, 2
Ž Ž ..Put c s e e y e e . Then c g Z D L . Indeed0 3 1 2 7, 2
w x w x w xx , c s e x , e y x , e e s e e y e e s 0,0 3 1 2 0 2 0 2
w x w x w xy , c s y , e e y e y , e s e e y e e s 0.0 3 1 2 1 3 1 3
w x w xLet K be the quotient field of k W s k e , e , e , e .0 1 2 3
Ž .As in the previous case, D L can be identified with the skew field of7, 2
Ž . L7, 2 Ž Ž .. Ž .quotients of D K , where F s K s Z D L s k c . Put q s e ,F 7, 2 1 0
y1 Ž .q s e e , and q s e e . Then K s k c, q , q , q , a purely transcen-2 0 3 3 0 2 1 2 3
dental extension of F.
Next, we calculate the Lie brackets
w x w x w xh , e e s 0, x , e e s e e , y , e e s e e ,0 3 0 3 0 2 0 3 1 3
y1 y1h , e e s 0, x , e e s 0,0 2 0 2
y1 y1 y2w x w xy , e e s y , e e y e e y , e0 2 0 2 0 2 2
s e ey1 y e ey2 e s ey2 e e y e eŽ .1 2 0 2 3 2 1 2 0 3
s ycey2 .2
Ž .Put p s ›r› q , i : 1, 2, 3. These can be solved from the system of lineari i
equations,
y1w x w xh s h , e p q h , e e p q h , e e p s e p0 1 0 3 2 0 2 3 0 1
y1w x w xx s x , e p q x , e e p q x , e e p s e e p0 1 0 3 2 0 2 3 0 2 2
y1w x w xy s y , e p q y , e e p q y , e e p0 1 0 3 2 0 2 3
s e p q e e p y cey2 p .1 1 1 3 2 2 3
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It follows that
p s ey1 h , p s ey1ey1 x1 0 2 0 2
p s cy1e2 ey1e h q ey1e ey1e x y yŽ .3 2 0 1 0 1 2 3
s cy1ey1e e e h q e e x y e e y .Ž .0 2 1 2 1 3 0 2
Ž . Ž Ž .. Ž Ž .. Ž .In particular, D L ( D k c and Z D L s k c .7, 2 3
Using Lemma 2, we see at once that the following four Lie algebras
satisfy the Gelfand]Kirillov conjecture.
Ž .23. L s L = L .7, 3 5 1
4. L s L = L where L is the solvable, nonabelian 2-dimensional7, 4 5 2 2
Lie algebra.
5. L s L = L .7, 5 6, 1 1
6. L s L = L .7, 6 6, 3 1
7. L is the 7-dimensional Lie algebra defined by the Lie brackets7, 7
h x y e e e e0 1 2 3
h 0 2 x y2 y 2 e 0 y2 e 00 2
x y2 x 0 h 0 2 e e 00 1
y 2 y yh 0 e 2 e 0 01 2
e y2 e 0 ye 0 0 0 ye0 0 1 0
e 0 y2 e y2 e 0 0 0 ye1 0 2 1
e 2 e ye 0 0 0 0 ye2 2 1 2
e 0 0 0 e e e 03 0 1 2
Ž Ž Ž ...This matrix has rank 6. So, by Lemma 5, trdeg Z D L s 7 y 6 s 1.k 7, 7
Ž .Clearly, L s L [ k ? d, where d s ade . We know L satisfies GK7, 7 6, 1 3 6, 1
with Weyl generators,
1
y1p s e h , q s e ,1 0 1 02
1
y1p s e x , q s e ,2 0 2 12
Ž Ž .. Ž .over Z D L s k c , c , a purely transcendental extension of k, where6, 1 1 2
c s e2 y 4e e and c s e h q 2 e x y 2 e y.1 1 0 2 2 1 2 0
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Ž . Ž . Ž . Ž .Note that d p s yp , d q s q , i : 1, 2. Also, d c s 2c , d c s c .i i i i 1 1 2 2
y1 2 Ž Ž ..In particular, c c g Z D L . Now, one can either apply Lemma 4 or1 2 7, 7
else observe directly that
1
X Xy1 y1p s e hc , q s e c ,1 0 2 1 0 22
1
X Xy1 y1p s e xc , q s e c ,2 0 2 2 1 22
pX s e cy1 , qX s c3 3 2 3 2
Ž . Ž y1 2 . Ž .form a set of Weyl generators of D L over k c c . So, D L (7, 7 1 2 7, 7
Ž Ž y1 2 .. Ž Ž .. Ž y1 2 .D k c c and Z D L s k c c .3 1 2 7, 7 1 2
8. Let a g Q. L is the 7-dimensional Lie algebra defined by the Lie7, 8
brackets
h x y e e e e0 1 2 3
h 0 2 x y2 y e ye 0 00 1
x y2 x 0 h 0 e 0 00
y 2 y yh 0 e 0 0 01
e ye 0 ye 0 0 0 ye0 0 1 0
e e ye 0 0 0 0 ye1 1 0 1
e 0 0 0 0 0 0 ya e2 2
e 0 0 0 e e a e 03 0 1 2
Ž Ž ..This matrix has rank 6. By Lemma 5, trdeg Z D L s 7 y 6 s 1.k 7, 8
Clearly, L s L [ k ? d, where d s ade and L s L = k ? e satis-7, 8 6, 2 3 6, 2 5 2
Ž .fies GK with Weyl generators
1
y1 y1 y2p s e x y e e c, q s e ,1 0 0 1 1 12
1
y1 y2 y1p s e y q e e c, q s e ,2 1 0 1 2 02
Ž Ž .. Ž .over Z D L s k c, e , a purely transcendental extension of k, where6, 2 2
c s e e h q e2 x y e2 y. Note that0 1 1 0
d p s yp , d q s q , i : 1, 2,Ž . Ž .i i i i
d c s 2c, d e s a e .Ž . Ž .2 2
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Ž . Ž . Ž Ž ..By Lemma 4, L satisfies GK . In fact, D L s D k z where7, 8 7, 8 3
z s cre s for some r, s g Z.2
9. L is the 7-dimensional Lie algebra defined by the Lie brackets7, 9
h x y e e e e0 1 2 3
h 0 2 x y2 y e ye 0 00 1
x y2 x 0 h 0 e 0 00
y 2 y yh 0 e 0 0 01
e ye 0 ye 0 e 0 ye0 0 1 2 0
e e ye 0 ye 0 0 ye1 1 0 2 1
e 0 0 0 0 0 0 y2 e2 2
e 0 0 0 e e 2 e 03 0 1 2
Ž Ž Ž ...This matrix has rank 6. So, by Lemma 5, trdeg Z D L s 7 y 6 s 1.k 7, 9
Ž .Clearly, L s L [ k ? d, where d s ade . We know L satisfies GK ,7, 9 6, 3 3 6, 3
with Weyl generators,
p s e , q s e ey1 ,1 0 1 1 2
1
y1p s h x , q s x ,2 0 0 2 02
1 12 y1 2 y1Ž Ž .. Ž .over Z D L s k c, e , where x s x y e e , y s y q e e ,6, 3 2 0 0 2 0 1 22 2
1y1 2h s h q e e e y , and c s h y 2h q 4 x y .0 0 1 2 0 0 0 02
Ž . Ž . Ž .Note that d x s 0, d y s 0, d h s 0 and0 0 0
d p s p , d q s y q ,Ž . Ž .1 1 1 1
d p s 0, d q s 0.Ž . Ž .2 2
Ž . Ž . Ž .Also, d c s 0 and d e s 2 e . Hence, by Lemma 4, L satisfies GK .2 2 7, 9
1 y1 y1Ž .Indeed, put p s e q e e e e and q s e . Then, p , p , p ,3 3 0 1 2 2 3 2 1 2 32
Ž . Ž . Ž .q , q , q form a set of Weyl generators of D L over k c . So, D L1 2 3 7, 9 7, 9
Ž Ž .. Ž Ž .. Ž .s D k c and Z D L s k c .3 7, 9
Ž . wIV. dim L s 8. The following two Lie algebras satisfy GK by 1,
xCorollary 2.3 .
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Ž .1. L s sl 2, k [ W , with W abelian. It is defined by the Lie8, 1 4 4
brackets
h x y e e e e e0 1 2 3 4
h 0 2 x y2 y 4e 2 e 0 y2 e y4e0 1 3 4
x y2 x 0 h 0 4e 3e 2 e e0 1 2 3
y 2 y yh 0 e 2 e 3e 4e 01 2 3 4
e y4e 0 ye 0 0 0 0 00 0 1
e y2 e y4e y2 e 0 0 0 0 01 1 0 2
e 0 y3e y3e 0 0 0 0 02 1 3
e 2 e y2 e y4e 0 0 0 0 03 3 2 4
e 4e ye 0 0 0 0 0 04 4 3
Ž .In order to obtain a set of Weyl generators of D L , a similar method is8, 1
w xused as in case L . We refer to 2 for details. First we put7, 1
c s e2 y 3e e q 12 e e ,1 2 1 3 0 4
c s 2 e3 y 9e e e q 27e e2 q 27e2e y 72 e e e ,2 2 1 2 3 0 3 1 4 0 2 4
b s e ,0 0
3
y1 2b s e y e e ,2 2 0 18
1 1
y2 3 y1b s e q e e y e e e ,3 3 0 1 0 1 28 2
3 1 1
y3 4 y2 2 y1b s e y e e q e e e y e e e ,4 4 0 1 0 1 2 0 1 3256 16 4
1
y1l s e e .0 14
Ž .Then the following form a set of Weyl generators of D L over8, 1
Ž Ž .. Ž .Z D L s k c , c .8, 1 1 2
p s x , q s l,1 1
1
y1p s y b h q 2l x , q s b ,Ž .2 3 2 32
1 1
y2 y1 2 y2 y1 y1p s 4b b y b b b y 2lb h q b yŽ .3 3 4 0 2 3 3 36 3
1
y2 y1 y2 2 y1 2 y1 y1q 8b b l y 2b b b l y 2b l y b b b x ,Ž .3 4 0 3 2 3 0 2 36
q s b .3 2
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Ž .2. L s sl 2, k [ W [ W , with defining Lie brackets8, 2 2 1
h x y e e e e e0 1 2 3 4
h 0 2 x y2 y 2 e 0 y2 e e ye0 2 3 4
x y2 x 0 h 0 2 e e 0 e0 1 3
y 2 y yh 0 e 2 e 0 e 01 2 4
e y2 e 0 ye 0 0 0 0 00 0 1
e 0 y2 e y2 e 0 0 0 0 01 0 2
e 2 e ye 0 0 0 0 0 02 2 1
e ye 0 ye 0 0 0 0 03 3 4
e e ye 0 0 0 0 0 04 4 3
Using a method similar to that in case L , we obtain the Weyl generators7, 2
Ž .of D L ,8, 2
p s ey1 h , q s e ,1 3 1 3
p s ey1 x , q s e ey1e ,2 0 2 0 3 4
1
y1 y1 2 2p s c e e h q e e e y c x y e y , q s 2 q y e ,Ž .3 2 3 4 0 2 3 2 3 3 2 12
Ž Ž .. Ž . 2 2over Z D L s k c , c , where c s e y 4e e and c s e e y8, 2 1 2 1 1 0 2 2 0 4
e e e q e e2.1 3 4 2 3
Invoking Lemma 2, we see immediately that the following 10 Lie
Ž .algebras sastisfy GK .
Ž .33. L s L = L .8, 3 5 1
4. L s L = H, where H is the 3-dimensional Heisenberg Lie8, 4 5
algebra.
5. L s L = M, where M is the solvable algebraic Lie algebra8, 5 5
w x w xwith basis x , x , x and Lie brackets x , x s x , x , x s a x with1 2 3 1 2 2 1 3 3
a g Q.
Ž .26. L s L = L .8, 6 6, 1 1
7. L s L = L .8, 7 6, 1 2
Ž .28. L s L = L .8, 8 6, 3 1
9. L s L = L .8, 9 6, 3 2
10. L s L = L .8, 10 6, 4 2
11. L s L = L .8, 11 7, 1 1
12. L s L = L .8, 12 7, 2 1
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In the following six Lie algebras the radical R is nilpotent.
13. L is the Lie algebra defined by the Lie brackets8, 13
h x y e e e e e0 1 2 3 4
h 0 2 x y2 y e ye 0 e ye0 1 3 4
x y2 x 0 h 0 e 0 0 e0 3
y 2 y yh 0 e 0 0 e 01 4
e ye 0 ye 0 e 0 0 00 0 1 2
e e ye 0 ye 0 0 0 01 1 0 2
e 0 0 0 0 0 0 0 02
e ye 0 ye 0 0 0 0 03 3 4
e e ye 0 0 0 0 0 04 4 3
Ž Ž Ž ...This matrix has rank 6. So, by Lemma 5, trdeg Z D L s 8 y 6 s 2.8, 13
Ž Ž ..Clearly, e g Z D L .2 8, 13
Ž .L contains the Lie subalgebra L s sl 2, k [ H, where H is the6, 3
3-dimensional Heisenberg Lie algebra with basis e , e , e . Put p s e0 1 2 1 0
y1 w x Ž .H Ž .Hand q s e e ; then p , q s 1. Obviously D L contains D L ,1 1 2 1 1 8, 13 6, 3
Ž .which in turn contains the Lie algebra S , isomorphic to sl 2, k , with basis0
1
2 y1x s x y e e ,0 0 22
1
2 y1y s y q e e ,0 1 22
1
y1h s h q e e e y .0 0 1 2 2
Ž .H ² :D L also contains W s e , e on which S acts exactly in the8, 13 1 3 4 0
1 2 y1Ž . w x w x w xsame way as sl 2, k , since x , e s x y e e , e s x, e s 0. Simi-0 3 0 2 3 32
larly,
w x w xx , e s x , e s e ,0 4 4 3
w x w xy , e s y , e s e ,0 3 3 4
w x w xy , e s y , e s 0,0 4 4
w x w xh , e s h , e s e ,0 3 3 3
w x w xh , e s h , e s ye .0 4 4 4
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Ž . Ž .Therefore, S [ W ( L , which satisfies GK . D L is generated by the0 1 5 5
Weyl generators,
1
y1 y1 y2p s e x y e e c, q s e ,2 3 0 3 4 2 42
1
y1 y2 y1p s e y q e e c, q s e ,3 4 0 3 4 3 32
Ž . 2 2 Ž Ž ..over k c , where c s e e h q e x y e y . c g Z D L since it com-3 4 0 4 0 3 0 8, 13
mutes with H, with e , e , x , y , h and hence also with x, y, and h.3 4 0 0 0
Ž .Since p , p , p , q , q , q form a set of Weyl generators of D L1 2 3 1 2 3 8, 13
Ž . Ž . Ž . Ž Ž ..over F s k e , c , it follows that D L ( D F and Z D L s2 8, 13 3 8, 13
Ž .F s k e , c .2
Ž .The following three Lie algebras are semi-direct products of S s sl 2, k
with the 5-dimensional Heisenberg algebra.
14. L is the Lie algebra defined by the Lie brackets8, 14
h x y e e e e e0 1 2 3 4
h 0 2 x y2 y e ye 0 0 00 1
x y2 x 0 h 0 e 0 0 00
y 2 y yh 0 e 0 0 0 01
e ye 0 ye 0 e 0 0 00 0 1 2
e e ye 0 ye 0 0 0 01 1 0 2
e 0 0 0 0 0 0 0 02
e 0 0 0 0 0 0 0 e3 2
e 0 0 0 0 0 0 ye 04 2
Ž Ž Ž ...This matrix has rank 6, so, by Lemma 5, trdeg Z D L s 8 y 6 s 2.8, 14
² : Ž .The Lie subalgebra h, x, y, e , e , e ( L satisfies GK with Weyl0 1 2 6, 3
generators,
p s e , q s e ey1 ,1 0 1 1 2
1
y1p s h x , q s x ,2 0 0 2 02
1 12 y1 2 y1Ž Ž .. Ž .over Z D L s F s k c, e , where x s x y e e , y s y q e e ,6, 3 2 0 0 2 0 1 22 2
1y1 2 y1h s h q e e e y , and c s h y 2h q 4 x y . Next put p s e e0 0 1 2 0 0 0 0 3 2 32
w xand q s e . Then p , q s 1. As e and e commute with L , it3 4 3 3 3 4 6, 3
Ž Ž ..follows that c, e g Z D L and also p , q , p , q , p , q form a set2 8, 14 1 1 2 2 3 3
Ž . Ž . Ž .of Weyl generators of D L over F. So, D L s D F and8, 14 8, 14 3
Ž Ž ..Z D L s F.8, 14
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15. L is the Lie algebra defined by the Lie brackets8, 15
h x y e e e e e0 1 2 3 4
h 0 2 x y2 y e ye 0 e ye0 1 3 4
x y2 x 0 h 0 e 0 0 e0 3
y 2 y yh 0 e 0 0 e 01 4
e ye 0 ye 0 e 0 0 00 0 1 2
e e ye 0 ye 0 0 0 01 1 0 2
e 0 0 0 0 0 0 0 02
e ye 0 ye 0 0 0 0 e3 3 4 2
e e ye 0 0 0 0 ye 04 4 3 2
Ž Ž Ž ..This matrix has rank 6. So by Lemma 5, trdeg Z D L s 8 y 6 s 2.8, 15
Ž Ž .. Ž .Clearly, e g Z D L . L contains the Lie subalgebra L s sl 2, k2 8, 15 6, 3
[ H, where H is the 3-dimensional Heisenberg Lie algebra with basis
y1 w xe , e , e . Put p s e , q s e e . Then p , q s 1. We know that0 1 2 1 0 1 1 2 1 1
Ž .H Ž .D L contains the Lie algebra S , isomorphic to sl 2, k , with basis8, 15 0
1 1 12 y1 2 y1 y1x s x y e e , y s y q e e , and h s h q e e e y .0 0 2 0 1 2 0 0 1 22 2 2
Ž .H w x w xClearly, e , e , e g D L , x , e s x, e s 0, and2 3 4 8, 15 0 3 3
w x w x w x w xx , e s x , e s e , y , e s y , e s e ,0 4 4 3 0 3 3 4
w x w x w x w xy , e s y , e s 0, h , e s h , e s e ,0 4 4 0 3 3 3
w x w x w xh , e s h , e s ye , e , e s e .0 4 4 4 3 4 2
Ž .H ² :Therefore, D L contains the Lie algebra M s h , x , y , e , e ,8, 15 0 0 0 0 3 4
Ž . Ž .isomorphic to L . So, M satisfies GK and D M is generated by the6, 3 0 0
Weyl generators,
p s e , q s e ey1 ,2 3 2 4 2
1
y1p s h x , q s x ,3 1 1 3 12
1 12 y1 2 y1Ž .over F s k e , c , where x s x y e e , y s y q e e , h s h q2 1 0 3 2 1 0 4 2 1 02 2
1y1 2e e e y , and c s h y 2h q 4 x y .3 4 2 1 1 1 12
c commutes with e , e , e , e , e , h , x , y , also with h , x , y , and0 1 2 3 4 1 1 1 0 0 0
Ž Ž ..with h, x, y. Hence, c g Z D L .8, 15
It follows that p , q , p , q , p , q form a set of Weyl generators of1 1 2 2 3 3
Ž . Ž . Ž . Ž . Ž Ž ..D L over F s k e , c ; i.e., D L ( D F where Z D L s F.8, 15 2 8, 15 3 8, 15
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16. Let L be the Lie algebra given by the table8, 16
h x y e e e e e0 1 2 3 4
h 0 2 x y2 y 0 3e e ye y3e1 2 3 4
x y2 x 0 h 0 0 3e 2 e e1 2 3
y 2 y yh 0 0 e 2 e 3e 02 3 4
e 0 0 0 0 0 0 0 00
e y3e 0 ye 0 0 0 0 e1 1 2 0
e ye y3e y2 e 0 0 0 y3e 02 2 1 3 0
e e y2 e y3e 0 0 3e 0 03 3 2 4 0
e 3e ye 0 0 ye 0 0 04 4 3 0
Let s be the automorphism of L exchanging x and y, h and yh, e8, 16 3
and e , e and e , e and ye ; clearly s is an involution and defines an2 4 1 0 0
Ž .automorphism of U L .8, 16
1 2 y1 y1 HŽ .Let x s x q e e y e e e ; then x g D L where H is the0 2 0 1 3 0 0 8, 163
Heisenberg Lie subalgebra generated by e , e , e , and e .0 2 3 4
w xVerification. First, we have x , e s 0 and then0 1
y1 y1w x w x w xx , e s x , e y e e e , e s 3e y e e e , e0 2 2 1 3 0 2 1 1 0 3 2
s 3e y e ey1 3e s 0,1 1 0 0
1 1
2 y1 y1w x w x w xx , e s x , e q e e , e s 2 e q e 2 e e , e0 3 3 2 0 3 2 0 2 2 33 3
1
y1s 2 e q e 2 e y3e s 0,Ž .2 0 2 03
y1 y1 y1w x w x w xx , e s x , e y e e e , e s e y e e e , e s e y e e e0 4 4 1 3 0 4 3 3 0 1 4 3 3 0 0
s 0.
1 2 y1 y1Ž .Now put y s s x s y y e e q e e e and0 0 3 0 4 2 03
1
2 y1 y1w x w x w xh s x , y s x , y s x , y q e e , y y e e e , y0 0 0 0 2 0 1 3 03
1
y1 2 y1w xs h q e e , y y e e e , y0 2 0 1 33
1
y1 y1w x w x w x w xs h q e e , y e q e e , y y e e , y e q e e , yŽ . Ž .0 2 2 2 2 0 1 3 1 33
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1
y1 y1s h q e y2 e e q e y2 e y e ye e q e y3eŽ . Ž .Ž . Ž .0 3 2 2 3 0 2 3 1 43
2
y1 y1s h y e e e q e e y e ye e y 3e eŽ . Ž .0 3 2 2 3 0 2 3 1 43
2
y1 y1w xs h y e e e q e , e q e e q e e e q 3e eŽ .Ž .0 2 3 3 2 2 3 0 2 3 1 43
2
y1 y1 y1s h y e 2 e e q 3e q e e e q 3e e eŽ .0 2 3 0 0 2 3 0 1 43
4
y1 y1 y1s h y 2 y e e e q e e e q 3e e e0 2 3 0 2 3 0 1 43
1
y1 y1s h y e e e q 3e e e y 2.0 2 3 0 1 43
We also have
w x w xs h s s x , y s s x , s y X s y , x s yh .Ž . Ž . Ž .Ž .0 0 0 0 0 0 0 0
² : Ž .Check now that S s h , x , y forms an sl 2 -triple.0 0 0
1
2 y1 y1w x w x w xh , x s h , x s h , x q h , e e y h , e e e0 0 0 2 0 1 3 03
1
y1 2 y1w xs 2 x q e h , e y e h , e e0 2 0 1 33
1
y1 2 y1 w x w xs 2 x q e 2 e y e h , e e q e h , eŽ .0 2 0 1 3 1 33
2
2 y1 y1s 2 x q e e y e 3e e q e yeŽ .Ž .2 0 0 1 3 1 33
2
2 y1 y1s 2 x q e e y 2 e e e2 0 1 3 03
1
2 y1 y1s 2 x q e e y e e e s 2 x2 0 1 3 0 0ž /3
and
w x w xh , y s ys h , s x s ys h , x s ys 2 x s y2 y .Ž . Ž . Ž .Ž .0 0 0 0 0 0 0 0
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Ž .Now, s leaves globally invariant the subalgebra H; so y s s x and0 0
Ž .also h commutes with H in D L . Furthermore,0 8, 16
D L s Frac U S m U H s D S = H ,Ž . Ž . Ž . Ž .Ž .8, 16
Ž Ž ..since the subalgebra generated by x , y , and h is isomorphic to U sl 20 0 0
since its Gelfand]Kirillov dimension is 3. Lemma 2 implies now that L
verifies the Gelfand]Kirillov conjecture.
17. Let L be the Lie algebra defined by the Lie brackets8, 17
h x y e e e e e0 1 2 3 4
h 0 2 x y2 y e ye e ye 00 1 2 3
x y2 x 0 h 0 e 0 e 00 2
y 2 y yh 0 e 0 e 0 01 3
e ye 0 ye 0 0 0 0 00 0 1
e e ye 0 0 0 0 0 01 1 0
e ye 0 ye 0 0 0 0 e2 2 3 0
e e ye 0 0 0 0 0 e3 3 2 1
e 0 0 0 0 0 ye ye 04 0 1
Ž Ž Ž ...This matrix has rank 6. Hence, by Lemma 5, trdeg Z D L s 8 yk 8, 17
² : Ž .6 s 2. The Lie subalgebra h, x, y, e , e ( L and hence satisfies GK0 1 5
with Weyl generators,
p s ey1 x , q s e ,1 0 1 1
p s ey1 y q ey2 ey1c, q s e ,2 1 0 1 2 0
Ž Ž .. Ž . 2 2over Z D L s k c where c s e e h q e x y e y.5 0 1 1 0
Ž Ž ..Put z s e e y e e . Then z g Z D L . Indeed, z commutes1 0 3 1 2 1 8, 17 1
with e , e , e , e and0 1 2 3
w x w x w x w xx , z s x , e e y e e s e x , e y x , e e s e e y e e s 0,1 0 3 1 2 0 3 1 2 0 2 0 2
w x w x w x w xy , z s y , e e y e e s y , e e y e y , e s e e y e e s 0,1 0 3 1 2 0 3 1 2 1 3 1 3
w x w x w x w xe , z s e , e e y e e s e e , e y e e , e s ye e q e e s 0,4 1 4 0 3 1 2 0 4 3 1 4 2 0 1 1 0
2 2w xe , c s e , e e h q e x y e y2 2 0 1 1 0
w x 2 w x 2s e e e , h y e e , y s ye e e q e e0 1 2 0 2 0 1 2 0 3
s e ye e q e e s e z ,Ž .0 1 2 0 3 0 1
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2 2w xe , c s e , e e h q e x y e y3 3 0 1 1 0
w x 2 w x 2s e e e , h q e e , x s e e e y e e0 1 3 1 3 0 1 3 1 2
s e e e y e e s e z ,Ž .1 0 3 1 2 1 1
w xe , c s 0.4
Ž Ž ..Next, put z s c y e z . Then z g Z D L . Clearly, z commutes2 4 1 2 8, 17 2
with L and with e . Also,5 4
w x w x w x w xe , z s e , c y e z s e , c y e , e z2 2 2 4 1 2 2 4 1
s e z y e z s 0,0 1 0 1
w x w x w x w xe , z s e , c y e z s e , c y e , e z3 2 3 4 1 3 3 4 1
s e z y e z s 0.1 1 1 1
Put p s zy1ey1e and q s c. Then,3 1 0 2 3
y1 y1 y1 y1 y1 y1w x w xp , q s z e e , c s z e e , c s z e e z s 1,3 3 1 0 2 1 0 2 1 0 0 1
y1 y2 y1 y1 y2 y1w x w x w xp , e s e y q e e c, e s e y , e q e e c, e2 2 1 0 1 2 1 2 0 1 2
s ey1e y ey2 ey1e z s ey1ey1 e e y e e q e eŽ .1 3 0 1 0 1 0 1 0 3 0 3 1 2
s ey1e .0 2
Clearly, q s c commutes with p , q , p , q , p s zy1ey1e commutes3 1 1 2 2 3 1 0 2
with p , q , q , and also1 1 2
y1 y1 y1 y1w xp , p s p , z e e s z p , e e2 3 2 1 0 2 1 2 0 2
y1 y1 y1w xs z p , e e q e p , eŽ .1 2 0 2 0 2 2
y1 y1w x y1 y2s z ye p , e e e q e eŽ .1 0 2 0 0 2 0 2
s zy1 ye2 e q ey2 e s 0.Ž .1 0 2 0 2
Ž . Ž .Finally, p , q , p , q , p , q generate D L over F s k z , z .1 1 2 2 3 3 8, 17 1 2
Indeed, from p , q , p , q , and q s c we obtain h, x, y, e , and e .1 1 2 2 3 0 1
From e , z and p s zy1ey1e we get e . From e , e , e , and z s0 1 3 1 0 2 2 0 1 2 1
e e y e e we get e . From q s c, z and z s c y e z we get e .0 3 1 2 3 3 1 2 4 1 4
Ž . Ž . Ž Ž ..By Lemma 1, we may conclude that D L ( D F and Z D L s8, 17 3 8, 17
Ž .F s k z , z .1 2
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18. Let L be the Lie algebra defined by the Lie brackets8, 18
h x y e e e e e0 1 2 3 4
h 0 2 x y2 y e ye 0 e ye0 1 3 4
x y2 x 0 h 0 e 0 0 e0 3
y 2 y yh 0 e 0 0 e 01 4
e ye 0 ye 0 0 0 0 00 0 1
e e ye 0 0 0 0 0 01 1 0
e 0 0 0 0 0 0 e e2 0 1
e ye 0 ye 0 0 ye 0 e3 3 4 0 2
e e ye 0 0 0 ye ye 04 4 3 1 2
Ž Ž Ž ...This matrix has rank 6. Hence, by Lemma 5, trdeg Z D L s 8 yk 8, 18
² : Ž .6 s 2. The Lie subalgebra h, x, y, e , e ( L and hence satisfies GK0 1 5
with Weyl generators,
p s ey1 x , q s e ,1 0 1 1
p s ey1 y q ey2 ey1c, q s e ,2 1 0 1 2 0
Ž Ž .. Ž . 2 2over Z D L s k c , where c s e e h q e x y e y.5 0 1 1 0
Put b s e e y e e . Then b commutes with L . This is clear for e , e ;0 4 1 3 5 0 1
also,
w x w x w x w xx , b s x , e e y e e s e x , e y x , e e s e e y e e s 0,0 4 1 3 0 4 1 3 0 3 0 3
w x w x w x w xy , b s y , e e y e e s y , e e y e y , e s e e y e e s 0.0 4 1 3 0 4 1 3 1 4 1 4
Furthermore, e commutes with L and with b; indeed,2 5
w x w x w x w xe , b s e , e e y e e s e e , e y e e , e2 2 0 4 1 3 0 2 4 1 2 3
s e e y e e s 0,0 1 1 0
Next, we verify
w x w xe , b s e e , e , b s e e ,3 0 2 4 1 2
w x w xe , c s e b , e , c s e b.3 0 4 1
w x w x w xe , b s e , e e y e e s e e , e s e e3 3 0 4 1 3 0 3 4 0 2
w x w x w xe , b s e , e e y e e s ye e , e s e e4 4 0 4 1 3 1 4 3 1 2
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2 2w xe , c s e , e e h q e x y e y3 3 0 1 1 0
w x 2 w xs e e e , h y e e , y s e ye e q e e s e bŽ .0 1 3 0 3 0 1 3 0 4 0
2 2w xe , c s e , e e h q e x y e y4 4 0 1 1 0
w x 2 w xs e e e , h q e e , x s e e e y e e s e b.Ž .0 1 4 1 4 1 0 4 1 3 1
12 3Now, put z s e q 2b and z s c q e b q e .1 2 2 2 23
Ž Ž ..We claim that z , z g Z D L . Clearly, z and z commute with1 2 8, 18 1 2
L and e , so it suffices to consider5 2
2 2w x w xe , z s e , e q 2b s e , e q 2 e , b3 1 3 2 3 2 3
w xs 2 e , e e q 2 e e s y2 e e q 2 e e s 0,3 2 2 0 2 0 2 0 2
2 2w x w xe , z s e , e q 2b s e , e q 2 e , b4 1 4 2 4 2 4
w xs 2 e , e e q 2 e e s y2 e e q 2 e e s 0,4 2 2 1 2 1 2 1 2
1
3w xe , z s e , c q e b q e3 2 3 2 23
1
2w x w x w x w xs e , c q e , e b q e e , b q ? 3 e , e e3 3 2 2 3 3 2 23
s e b y e b q e e e y e e2 s 0.0 0 2 0 2 0 2
1
3w xe , z s e , c q e b q e4 2 4 2 23
1
2w x w x w x w xs e , c q e , e b q e e , b q ? 3 e , e e4 4 2 2 4 4 2 23
s e b y e b q e e e y e e2 s 0.1 1 2 1 2 1 2
y1 w x w y1 xNext, put p s e and q s e e . Then, p , q s e , e e s3 2 3 0 3 3 3 2 0 3
y1w x y1e e , e s e e s 1. Clearly, p s e commutes with p , q , p , q ,0 2 3 0 0 3 2 1 1 2 2
and q s ey1e commutes with p , q , q ;3 0 3 1 1 2
y1 y1 y1w x w xp , q s p , e e s p , e e q e p , e2 3 2 0 3 2 0 3 0 2 3
y1 y1 y1 y1 y2 y1w xs ye p , e e e q e e y q e e c, e0 2 0 0 3 0 1 0 1 3
y2 y1 y1w x y3 y1w xs ye e q e e y , e q e e c, e0 3 0 1 3 0 1 3
s yey2 e q ey1ey1e q ey3ey1 ye bŽ .0 3 0 1 4 0 1 0
s yey2 e q ey1ey1e y ey2 ey1 e e y e eŽ .0 3 0 1 4 0 1 0 4 1 3
s yey2 e q ey1ey1e y ey1ey1e q ey2 e s 0.0 3 0 1 4 0 1 4 0 3
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Ž . Ž .Finally, p , q , p , q , p , q generate D L over F s k z , z .1 1 2 2 3 3 8, 18 1 2
Indeed, from q , q , p , q we obtain e , e , e , e . From z s e2 q 2b we1 2 3 3 0 1 2 3 1 2
1 3get b. From b s e e y e e we get e . From z s c q e b q e we0 4 1 3 4 2 2 23
Ž . Ž .obtain c, and hence L , since p , p , q , q generate D L over k c . By5 1 2 1 2 5
Ž . Ž . Ž Ž ..Lemma 1, we may conclude that D L ( D F and Z D L s8, 18 3 8, 18
Ž .F s k z , z .1 2
In the following five Lie algebras the radical is solvable, not nilpotent.
19. Let L be the Lie algebra defined by the Lie brackets8, 19
h x y e e e e e0 1 2 3 4
h 0 2 x y2 y 3e e ye y3e 00 1 2 3
x y2 x 0 h 0 3e 2 e e 00 1 2
y 2 y yh 0 e 2 e 3e 0 01 2 3
e y3e 0 ye 0 0 0 0 ye0 0 1 0
e ye y3e y2 e 0 0 0 0 ye1 1 0 2 1
e e y2 e y3e 0 0 0 0 ye2 2 1 3 2
e 3e ye 0 0 0 0 0 ye3 3 2 3
e 0 0 0 e e e e 04 0 1 2 3
Ž .Clearly, L s L [ kd where d s ade . L satisfies GK with Weyl8, 19 7, 1 4 7, 1
generators,
p s x , q s l,1 1
p s yby1 h q 2l x , q s b ,Ž .2 2 2 2
3 2
y3 y1 2 2p s b lb y 3b h q b b y 6lb q l b x y b y ,Ž .3 2 2 3 0 2 3 2 2ž /2 3
q s b b ,3 0 3
12 3 y1Ž Ž .. Ž . Ž .over Z D L s k D with D s 27 b b q 4b b , where l s e e ,7, 1 0 3 0 2 0 13
1 2 1y1 2 y2 3 y1b s e , b s e y e e , and b s e q e e y e e e .0 0 2 2 0 1 3 3 0 1 0 1 23 27 3
Ž . Ž . Ž .Since d e s e for i : 0, . . . , 3, it follows that d l s 0, d b s b ,i i 0 0
Ž . Ž . Ž . Ž . Ž .d b s b , and d b s b . Hence, d D s 4D. Also, d p s 0, d q s2 2 3 3 1 1
Ž . Ž . Ž . Ž .0, d p s yp , d q s q , d p s y2 p , and d q s 2 q .2 2 2 2 3 3 3 3
Ž . Ž . Ž .By Lemma 4, L satisfies GK . In fact, D L ( D k . Note that8, 19 8, 19 4
L is a Frobenius Lie algebra, since its index is zero.8, 19
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20. Let a g Q. L is the Lie algebra defined by the Lie brackets8, 20
h x y e e e e e0 1 2 3 4
h 0 2 x y2 y e ye e ye 00 1 2 3
x y2 x 0 h 0 e 0 e 00 2
y 2 y yh 0 e 0 e 0 01 3
e ye 0 ye 0 0 0 0 ye0 0 1 0
e e ye 0 0 0 0 0 ye1 1 0 1
e ye 0 ye 0 0 0 0 ya e2 2 3 2
e e ye 0 0 0 0 0 ya e3 3 2 3
e 0 0 0 e e a e a e 04 0 1 2 3
Ž .Clearly, L s L [ k.d with d s ade . L satisfies GK with Weyl8, 20 7, 2 4 7, 2
generators,
p s ey1 h , q s e ,1 0 1 0
p s ey1ey1 x , q s e e ,2 0 2 2 0 3
p s cy1ey1e e e h q e e x y e e y , q s e ey1 ,Ž .3 0 2 1 2 1 3 0 2 3 0 2
Ž . Ž . Ž . Ž .over Z D s k c with c s e e y e e . Note that d c s a q 1 c,7, 2 0 3 1 2
Ž . Ž . Ž . Ž . Ž .with a q 1 g Q, d p s yp , d q s q , d p s y a q 1 p , d q1 1 1 1 2 2 2
Ž . Ž . Ž . Ž . Ž .s a q 1 q , d p s a y 1 p , and d q s 1 y a q . By Lemma 4,2 3 3 3 3
Ž .L satisfies GK .8, 20
21. Let a , b g Q. L is the Lie algebra defined by the Lie8, 21
brackets
h x y e e e e e0 1 2 3 4
h 0 2 x y2 y e ye 0 0 00 1
x y2 x 0 h 0 e 0 0 00
y 2 y yh 0 e 0 0 0 01
e ye 0 ye 0 0 0 0 ye0 0 1 0
e e ye 0 0 0 0 0 ye1 1 1 1
e 0 0 0 0 0 0 0 ya e2 2
e 0 0 0 0 0 0 0 ybe3 3
e 0 0 0 e e a e be 04 0 1 2 3
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Ž .Clearly, L s L [ k.d where d s ade . We know L satisfies GK8, 21 7, 3 4 7, 3
with Weyl generators,
1
y1 y1 y2p s e x y e e c, q s e ,1 0 0 1 1 12
1
y1 y2 y1p s e y q e e c, q s e ,2 1 0 1 2 02
Ž Ž .. Ž . 2 2over Z D L s k c, e , e , where c s e e h q e x y e y. We observe7, 3 2 3 0 1 1 0
Ž . Ž . Ž .that d c s 2c, d e s a e , and d e s be with a , b g Q. Also,2 2 3 3
Ž . Ž . Ž . Ž .d p s yp , d q s q , d p s yp , and d q s q . By Lemma 4,1 1 1 1 2 2 2 2
Ž .L satisfies GK .8,21
22. Let a g Q. L is the Lie algebra defined by the Lie brackets8, 22
h x y e e e e e0 1 2 3 4
h 0 2 x y2 y 2 e 0 y2 e 0 00 2
x y2 x 0 h 0 2 e e 0 00 1
y 2 y yh 0 e 2 e 0 0 01 2
e y2 e 0 ye 0 0 0 0 ye0 0 1 0
e 0 y2 e y2 e 0 0 0 0 ye1 0 2 1
e 2 e ye 0 0 0 0 0 ye2 2 1 2
e 0 0 0 0 0 0 0 ya e3 3
e 0 0 0 e e e a e 04 0 1 2 3
Ž .Clearly, L s L [ kd where d s ade . We know L satisfies GK8, 22 7, 5 4 7, 5
with Weyl generators,
1
y1p s e h , q s e ,1 0 1 02
1
y1p s e x , q s e ,2 0 2 12
Ž Ž .. Ž . 2over Z D L s k c , c , e , where c s e y 4e e and c s e h q7, 5 1 2 3 1 1 0 2 2 1
Ž . Ž . Ž .2 e x y 2 e y. Note that d c s 2c , d c s c , and d e s a e , a g Q.2 0 1 1 2 2 3 3
Ž . Ž . Ž . Ž .Also, d p s yp , d q s q , d p s yp , and d q s q . By Lem-1 1 1 1 2 2 2 2
Ž .ma 4, L satisfies GK .8, 22
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23. Let a g Q. L is the Lie algebra defined by the Lie brackets8, 23
h x y e e e e e0 1 2 3 4
h 0 2 x y2 y e ye 0 0 00 1
x y2 x 0 h 0 e 0 0 00
y 2 y yh 0 e 0 0 0 01
e ye 0 ye 0 e 0 0 ye0 0 1 2 0
e e ye 0 ye 0 0 0 ye1 1 0 2 1
e 0 0 0 0 0 0 0 y2 e2 2
e 0 0 0 0 0 0 0 ya e3 3
e 0 0 0 e e 2 e a e 04 0 1 2 3
Ž .Clearly, L s L [ kd where d s ade . We know L satisfies GK8, 23 7, 6 4 7, 6
with Weyl generators,
p s e , q s e ey1 ,1 0 1 1 2
1
y1p s h x , q s x ,2 0 0 2 02
Ž Ž .. Ž . 2over Z D L s k e , e , c with c s h y 2h q 4 x y and h s h q7, 6 2 3 0 0 0 0 0
1 1 1y1 2 y1 2 y1 Ž .e e e y , x s x y e e , and y s y q e e . Clearly, d h s 0,0 1 2 0 0 2 0 1 2 02 2 2
Ž . Ž . Ž . Ž . Ž .d x s 0, and d y s 0. Therefore, d p s p , d q s yq , d p s 0,0 0 1 1 1 1 2
Ž . Ž . Ž . Ž .and d q s 0. Also, d e s 2 e and d e s a e with a g Q, d c s 0.2 2 2 3 3
Ž .By Lemma 4, L satisfies GK .8, 23
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